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Lecture 9

This lecture provides an introduction to:

e relations between sets
e representations of relations

e special relations

You should master the material contained in this lecture before moving on to
the next lecture.
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Part 5: Relations between Sets

Relations

Let X and Y be sets. We know that the
Cartesian product of X and Y is the set
of ordered pairs

XXY={(z,y):x e X, ye Y}

A relation p between the sets X and Y (in
that order) is defined to be any subset of
X X Y. So a relation is a set of ordered
pairs of the form (x,y), where x € X
and y € Y.

Example:
Let X = {a,b,c,d}. Let Y =
{1,2,3}. Then one relation between X

and Y is
p ={(a,2),(c,1),(c,3)}.

End of example

Note that there are many different rela-
tions between two sets. In fact, we can
work out exactly how many there are just
by knowing the number of elements in each
of the two sets. This is because the rela-
tions between two sets X and Y are pre-
cisely the subsets of X X Y, and we know
how many subsets there are.

Suppose that X has m elements and Y
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has n elements. Then their Cartesian
product X X Y has mn elements. So the
power set P(X X Y) of X X Y has 2"
elements. That is, X X Y has 27" sub-
sets; and this must therefore be the num-
ber of relations between X and Y.

In summary, the number of relations be-
tween X and Y is 2 (IX[-1Y])

Example:

In the last example, | X| = 4 and |Y| =
3. So the number of relations between X
and Y is:

2(4:3) — 912 _ 4096

End of example
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In Lecture 5 we remarked that functions
can be regarded as special kinds of rela-
tions. Specifically, a function from a set
X to a set Y is a relation p between X
and Y such that every element of X is the
first coordinate of exactly one ordered pair
in p.

Since many relations do not have this prop-
erty, the number of functions between two
sets is usually less than the number of re-
lations.

Example:
Consider the sets X and Y of the last two
examples. Since | X| = 4 and |Y| = 3,



Lecture 9: Screen 4 of 13

the number of functions from X to Y is:
v Xl =34 =81

So among the 4096 relations between X
and Y, only 81 are functions.

End of example

Worked Example:

Let X = {a,b} and let Y = {1,2}.
Write down all relations between X and
Y. Which of them are functions?

We begin by constructing the Cartesian
product X X Y. It is this set:

{(a, 1), (a,2),(b,1),(b,2)}

Now every subset of this set is a relation
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between X and Y'; and, conversely, all re-
lations between X and Y can be obtained
in this way.

The 0-element subset of X X Y is &.
The 1-element subsets of X X Y are:

{(a; 1)}, {(a,2)}, {(b, 1)}, {(b,2)}
The 2-element subsets of X X Y are:
{(a,1),(a,2)},{(a,1),(b,1)},
{(a,1),(b,2)},{(a,2),(b,1)},
{(a,2),(b,2)},{(b,1),(b,2)}
The 3-element subsets of X X Y are:
{(a,1),(a,2), (b, 1)},
{(a, 1), (a,2),(b,2)},
{(a,1),(b,1),(b,2)},
{(CL, 2), (ba 1)9 (bv 2)}

The 4-element subset of X X Y is:

X xY = {(a,1), (a,2), (b, 1), (b, 2)}
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The only functions among these 16 rela-
tions are the second, third, fourth and fifth
of the six 2-element subsets listed above.

End of worked example

If p is a relation between sets X and Y,
and the ordered pair (x,y) is in p, then
we also say that x is related to y (by p) or
that x is p-related to y, and we write

T puy.
If (x, y) is not in p then « is not p-related
to y, in which case we write

T py.
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Example:

In the first example we had two sets X =
{a,b,c,d} and Y = {1,2,3} and a re-
lation

p ={(a,2),(c,1),(c,3)}.

Since (a,2) € p we can also write a p 2
and say that a is p-related to 2. Simi-
larly, ¢ p 1 and ¢ p 3. But (for example)
a pl,b g1, and soon.

End of example

Sometimes a relation between two sets X
and Y is defined by means of a mathemat-
ical relationship between some elements of
X and some elements of Y.
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Worked Example:

Let X = {1,2,3}. Let Y =
{1,3,5,9,11}. Consider the relation be-
tween X and Y defined by:

rcpyifds—x >y

We want to write down p as a set of or-
dered pairs. A systematic way is to look
at the elements of X, one at a time, and
find the elements of Y to which that ele-
ment of X is related.

If x = 1, then 5 — x = 4 which is greater
than the elements 1 and 3 of Y but no
other elements of Y. So1 p1land 1 p 3.

If £ = 2, then 5 — = 3 which is greater
than the element 1 of Y but no other ele-
mentsof Y. So2 p 1.

Similarly 3 p 1 but 3 is not p-related to
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any other element of Y.
So p={(1,1),(1,3),(2,1),(3,1)}.

End of worked example

Exercise:

Suppose that we modify the last example,
with X and Y being the same sets as be-
fore, and with o being defined by:

royifb—x <y

Write down o as a set of ordered pairs.

End of exercise
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Representing Relations

There are several useful ways to repre-
sent relations. One is to use a graphical
representation.

In Discrete Mathematics, graphs usually
involve points (called vertices) and straight
or curved line segments (called edges). An
edge usually connects two vertices to each
other. But sometimes a curved edge has
both ends touching the one vertex, in
which case it is called a loop.

A directed graph is very similar to a graph,
except that between two vertices there
may be an arrow. Arrows are also called
directed edges.

A common way to graphically represent a
relation p between sets X and Y is to
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firstly construct two columns of vertices.
In the left-hand column are vertices repre-
senting the elements of X, while the right-
hand column displays vertices representing
the elements of Y. The names of the ele-
ments in X and Y are written beside the
corresponding vertices, as labels. There is
an arrow from a vertex labelled & (where
x € X) to a vertex labelled y (where
y € Y) if and only if  p y. So this rep-
resentation uses a directed graph to display
the relation.

Example:

Consider the relation p of the last exam-
ple. It can be represented graphically as in
Figure 1.
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de
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Figure 1: Graphical representation of a relation.

End of example

Another way to represent a relation is to
use a Boolean or logical matriz.

A matriz is an array of numbers or ele-
ments, with the array enclosed in round or
square brackets. The numbers or elements
displayed in the matrix are the entries of

the matrix. The entry in the 2th row and
the gth column is called the (2, j)-entry.

The logical matrix representation Mp of a
relation p between sets X and Y has ev-
ery entry being 0 or 1. There is a row for
each element of the set X, and a column
for each element of the set Y. The (x, y)-
entry is 1 if * p y and is 0 otherwise.
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Example:

Consider the relation p of the first exam-
ple, displayed graphically above. There are
three ordered pairs in p. So there are three
entries in Mp which are equal to 1. The
matrix Mp is shown below.

QUO o R

oc=OoOOH
oo RN
o= OO W

End of example

side and along the top of the matrix are op-
tional, as they are not part of the matrix.
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They are only displayed to make it easier
to identify the ordered pair in X X Y as-
sociated with each entry of the matrix.

Exercise:
Consider once again the relation between
X ={1,2,3}and ¥ = {1,3,5,9,11}
defined by:

rpyifb—x >y

Construct a graphical representation and
a logical matrix representation of this re-
lation.

End of exercise

Exercise:
Modify the last exercise by defining a re-
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lation o between X and Y as follows:
royifb—x <y

Construct a graphical representation and
a logical matrix representation of this re-
lation.

End of exercise

Some Special Relations

Note that every subset of X X Y is a
relation between X and Y. In particular,
the smallest and largest subsets of X XY,
namely & and X X Y| are examples of re-
lations between X and Y. The null set
can be called the empty relation between
X and Y, while the Cartesian product
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X XY may be called the universal relation
between X and Y.

Note also that if p is a relation between X
and Y then

ZCpC X xY.

In the logical matrix representation of the
empty relation, every entry is 0. At the
opposite extreme, the universal relation is
represented by a logical matrix in which
every entry is 1.

Another relation of great importance is the
inverse relation of any given relation. Let
p be a relation between X and Y. The
inverse relation p_1 is defined as follows:

p~l={(y,2) €Y x X : (z,9) € p}
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That is, (y,xz) € p_1 if and only if
(z,y) € p. So p_1 has the same pairs as
p, but each ordered pair is written in the

reverse order. Clearly, p— * is a relation
between Y and X.

Worked Example:
Consider the relation p of the first exam-
ple:

p ={(a,2),(c,1),(c,3)}.
It is a relation between the sets X =
{a,b,c,d} and Y = {1,2,3}.

The1 inverse of p is the relation

P = {(290“)’ (170)7 (39 C)} =
{(1, C)a (29 a')a (39 C)}

End of worked example
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Worked Example:
What is the inverse @ 1 of the empty re-
lation & between sets X and Y7

We get all the elements of o1 by revers-
ing every ordered pair in @&. But there
aren’t any. So o1 s empty; that is,
s—1l=g

End of worked example

Exercise:
What is the inverse of the universal rela-
tion X X Y between two sets X and Y7

End of exercise
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There is a close relationship between the
logical matrix representation of a relation
and that of its inverse. It depends on the
idea of the transpose of a matrix.

Let M be a matrix with m rows and
n columns. Such a matrix is called an
(mXxmn)-matrix. The transpose MT of M
is a matrix that can be constructed from
M in the following way. We take the rows
of M, one after another, and write them
down as columns. This procedure creates
the columns of ML . So the first row of
M becomes the first column of M T, the
the second row of M becomes the second
column of M T, and so on. Clearly, the re-
sulting matrix M7 is an (n X m)-matrix.
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Then the logical matrix representing
p_l is the transpose of the logical
matrix representation of p. That is,

T
M _1=M
0 p

Worked Example:
Consider the relation p of the first exam-
ple:

p = {(a,2),(c,1),(c,3)}.

We have seen that its inverse is the relation
Pl ={1,0),(20),3,0}

We have also seen that p has logical matrix
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1 2 3
Z g é g End of worked example
Mp = 101
d 0 0O .
Formative Assessment
So its inverse relation p— 1 has logical ma-
trix v P & You should now do as many practice ex-
ercises as necessary to establish that you
a b cd can correctly work with relations on sets.
1 0010
M _4 = 2 1 000 ,
P 3 0010 End of formative assessment
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Lecture 10

This lecture provides an introduction to:

e composition of relations

You should master the material contained in this lecture before moving on to
the next lecture.
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The Composite Relation

Suppose that p is a relation between X
and Y, and that o is a relation between
Y and Z.

Then the composite relation oop is defined
as follows:

cop={(z,z):zxpyandy o z

for some y in Y'}
So, loosely speaking,  and z are related
to each other (by the composite relation
oop) if there is an element y “in between”

them having the property that @ is related
to y (by p) and y is related to z (by o).

The process of getting o o p from p and o
is called composition of relations.
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Example:

Let X = {a,b,c,d,e}, Y = {0,1,2}
and Z = {w,x,y,z}. Let p be the re-
lation between X and Y defined by p =
{(a,0), (¢, 0),(d,1),(d,2),(e,2)}. Let
o be the relation between Y and Z defined
by o = {(0,w), (0,¥), (1,x), (2,x)}.
Then the composite relation o o p is the
following set of ordered pairs:

{(a7 w)7 (a’ y)? (c’ w)’ (c7 y)’

(d,x), (e, x)}
We can say that a is related to w and to
y via 0, c s related to w and to y via O,

d is related to  via 1 and via 2, and e is
related to x via 2.
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Figure 1 displays p and o, while Figure 2
is the graphical representation of o o p.

End of example

Example:

Let Z,Y and X represent three successive
generations of a family. So each person in
Y is the child of someone in Z, and each
person in X is the child of someone in Y.

Let © p y mean x is a child of y, where
x € Xandy €Y. Let y 0 z mean y is
a child of z, where y € Y and z € Z.

Then o o p is the set
{(z,z) € X X Z: for some y €Y,
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@ is a child of y and y is a child of z}.

Equivalently, cop = {(z,2) € X X Z :
x is a grandchild of z}.

End of example

Worked Example:

Let X be the set {0,1,2,3} and let Y =
{3,6,9,12}. Let Z be the set consisting
of the first ten even positive integers.

Suppose that the relation p between X
and Y is defined by  p y if 3= = y, and
that the relation o between Y and Z is
defined by y o z if 2y = z. Write down
the composite relation o o p as a set of or-
dered pairs from X X Z. If (x,z) € oop,
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Figure 1: Two Relations.
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oop
ae po W
be o
Co te y
de oz

Figure 2: The Composite Relation.
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what mathematical relationship exists be-
tween x and z7

To find the answer, let’s suppose that €
X and z € Z and that (x,2) € o o p.
Then there exists y € Y such that ¢ p y
and y o z. So 3x = y and 2y = =z.
Therefore z = 2y = 2(3x) = 6x. So z
is an even number between 2 and 20 (in-
clusive) which is six times some integer be-
tween 0 and 3.

The only multiples of 6 between 2 and 20
are 6, 12 and 18. Firstly, 6 = 6 - 1 and
1 € X. Next, 12 =6-2and 2 € X.
Finally, 18 = 6 - 3 and 3 € X.

But to be sure that this gives us ordered
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pairs in o o p, we need to check that there
is a y corresponding to each (x, z)-pair.
Can we get from 1 to 6 via some element
yof Y7 Yes; (1,3) € p and (3,6) € o.
So (1,6) € o o p. Similarly, we can get
from 2 to 12 via 6 and we can get from 3 to
18 via 9. So (2,12) and (3,18) both be-
long to o o p. There are no other possible
ordered pairs in o o p. So

oop=1{(1,6),(2,12),(3,18)}.

As an alternative approach, we could use
the graphical representations of p and o
to construct the composite relation. The
approach described above has the advan-
tage that it could be modified for use with
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much larger sets.

End of worked example
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Formative Assessment

You should now do as many practice ex-
ercises as necessary to establish that you
can correctly determine what pairs are in
a composite relation.

End of formative assessment
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Lecture 11

This lecture provides a review of matrix multiplication.

You should master the material contained in this lecture before moving on to
the next lecture.
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Matriz Multiplication

Suppose that p and o are two relations for
which a composite relation o o p exists.
Then from the logical matrix representa-
tions of p and o we can obtain the logical
matrix representation of o o p, even if we
don’t know o o p explicitly as a set of or-
dered pairs.

The new matrix can be obtained by
Boolean matriz multiplication. Before de-
scribing this, we firstly give the details of
the usual multiplication of matrices.

Recall that a matriz M is a rectangular ar-
ray of numbers or other elements of some
set, with the array being enclosed in round
or square brackets. The numbers or other
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elements are the entries of the matrix. En-
tries at the same horizontal level form a
row, while entries vertically aligned with
each other form a column. Rows are num-
bered downwards (so that the top row is
the first row), while columns are numbered
from left to right (so that the leftmost col-
umn is the first column). A matrix with m
rows and n columns is called an (m X n)-
matrix, and is said to have order m X m.

A row matriz or row vectoris a matrix con-
sisting of a single row. A column matriz or
column vector is a matrix consisting of a
single column. The length of a row or col-
umn vector is the number of entries in it.

To describe matrix multiplication we start
by multiplying a row vector and a column
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vector.

Suppose that a row vector

(al ag ... an)

and a column vector
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by
b
bn

have the same length n. Then they can be
multiplied in the following way:
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(a]_ ay ... an)- ; :(a1b1—|—a2b2+--~—|—anbn) (1)

The RHS of Equation 1 is called the dot We give an example involving a row vector
product of the two vectors on the left (al-  of length 5 and a column vector of length
though the dot between them is usually D.

omitted). It is a matrix with just a single Multiplying

entry; that is, it is a (1 X 1)-matrix.

Example:
(5432 1)
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and

© 0O

gives
(5-6+4-7+3-8+2-9+1-10)
which equals

(30428 +24 4+ 18+ 10) = (110).

End of example
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Now the dot product can be extended to a
multiplication operation between any two
matrices A and B which are compatible for
multiplication. This means that the length
of the rows in A equals the length of the
columns in B.

Equivalently, the number of columns in A
equals the number of rows in B.

To get AB, we begin by constructing its
top row. We evaluate the individual en-
tries in this row, going from left to right.
We get each entry as the dot product of
the first row of A with one of the columns
of B, starting from the left. Each dot
product is written as a number or element,
without any brackets around it. These dot
products form the top row of AB.
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To construct the second row of AB, we
get the dot products of the second row of
A with each column of B; and so on.

Finally, from the last row of A and all the
columns of B we produce all the entries in
the last row of AB.

So AB has the same number of rows as A
(and the same number of columns as B).

That is, the product of an (m X n)-matriz
and an (n X k)-matriz is an (m X k)-
matriz.

Example:
Let A be the (2 X 4)-matrix

1 2 0 -1
3 -1 1 0
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and let B be the (4 X 3)-matrix

0O -3 2
-2 4 0
5 0 2
3 2 -1

Their product will be the (2 X 3)-matrix
obtained as follows.

Multiplying the first row
1 2 0 -1

of A and the first column

0
—2
5
3
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of B gives
1-0+2-(—2)4+0-5+(-1)-3
which equals
0—4+0—-3 = —T7.

Similarly, multiplying the first row of A
with the second and third columns of B
gives 3 and 3 respectively.

Multiplying the second row
3 -1 10
of A and each of the three columns of B
gives 7, —13 and 8 in that order.
So the product of A and B is

-7 3 3
AB_( 7 —13 8)'
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End of example

As mentioned above, multiplying an (m X
n)-matrix A and an (n X k)-matrix B
gives an (m X k)-matrix AB. What hap-
pens if we multiply them in the reverse or-
der?

The answer is that the product matrix BA
might not even exist. Specifically, BA ex-
ists if and only if K = m. When k = m
we are multiplying an (n X m)-matrix B
and an (m X n)-matrix A, and the prod-
uct BA is an (n X n)-matrix.
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Example:

In the last example, A had order 2 X 4
while B had order 4 X 3. So the product
AB had order 2 x 3.

But if we tried to obtain BA, we would
be multiplying a (4 X 3)-matrix B and a
(2 X 4)-matrix A. Because the number of
columns in B (which is 3) doesn’t equal
the number of rows in A (which is 2), the
product BA doesn’t exist.

End of example

From the last example, we see that it can
happen that AB exists while B A doesn’t.

Even if they both exist, they could be of
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different orders. And even if they both ex-
ist and have the same order, they need not
be equal.

The next two examples illustrate these fea-
tures of matrix multiplication.

Example:
Let A be the (1 X 2)-matrix

(5 —2)
and B be the (2 X 1)-matrix
(1)
K
Then AB is the (1 X 1)-matrix

(5-34(—2)-4)
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which equals
(7)-

In contrast, BA is the (2 X 2)-matrix

3.5 3.(—2)
4.5 4-(-2)
which equals
15 —6
20 —8 /°

End of example

We have seen that AB and B A both exist
if and only if A is an (m X n)-matrix while
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B is an (n X m)-matrix. When this sit-
uation arises, the product AB will be an
(m X m)-matrix while the reverse product
BA will be an (n X n)-matrix.

The only way that these two product ma-
trices can have the same order is for m
and n to be equal. Then all four matrices
A, B, AB and BA are (n X n)-matrices.

Such matrices are called square matrices.

The product of any two square matrices of
the same order is another square matrix
of the same order. So for every positive
integer n we say that the collection of all
(n X m)-matrices is a closed system under
matrix multiplication.
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Worked Example:
Let A and B be the (2 X 2)-matrices

(5 %)
(1)

respectively. What is AB? What is BA?
We get AB to be

—10 8
14 —12
while BA is

(%)

and
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End of worked example

From the last Worked Example and the
two Examples before it, we see that it is
not always the case that AB = BA for
two matrices A and B. Often we say that
the operation of matrix multiplication is
not commutative. In fact, matrix multipli-
cation is only a partial operation on the set
of all matrices with real entries, because
the products AB and B A do not always
exist.

Because AB and BA often have differ-
ent meanings, it is ambiguous to speak of
“multiplying A by B”. Instead, we use the
more precise expressions premultiplication
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and postmultiplication. We say that AB is
obtained through postmultiplying A by B,
or (equivalently) through premultiplying B
by A.

In the next lecture we discuss Boolean ma-

trix multiplication and how it is linked to
the composition of relations.
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Formative Assessment

You should now do as many practice ex-
ercises as necessary to establish that you
can correctly determine whether or not two
matrices can be multiplied, and to find
their product where possible .

End of formative assessment




Lecture 12: Screen 1 of 9 ©2011 SMGS, RMIT. All rights reserved. 1

Lecture 12

This lecture provides an introduction to:

e Boolean matrix multiplication

e the logical matrix representation of a composite relation

You should master the material contained in this lecture before moving on to
the next lecture.
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Boolean Matrix Products

We have seen that two matrices can be
multiplied together, provided that they are
compatible for multiplication. The ma-
trix product is obtained by a procedure
which involves both multiplication and ad-
dition among the entries of the two ma-
trices. Each entry in the product matrix
is the sum of certain products of entries
of the left-hand matrix with entries of the
right-hand matrix.

A matrix in which every entry is 0 or 1 is
sometimes called a Boolean matrix. Now
we give an example of the multiplication
of two Boolean matrices.
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Example:
Let A be the (2 X 3)-matrix which is

shown below.
1 00
1 11

Let B be the (3 X 2)-matrix

= o
e

Their product will be the (2 X 2)-matrix
obtained as follows.

Multiplying the first row

1 00
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of A and the first column

0
1
1

of B gives
1-04+0-140-1
which equals
0+0+0 = 0.
Multiplying the first row

1 00
of A and the second column
1
1

1
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of B gives
1-14+40-140-1
which equals
1+40+0 = 1.
Multiplying the second row
111

of A and the first column

0
1
1
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of B gives
1-04+1-141-1
which equals
0O+1+4+1 = 2.
Multiplying the second row
111

of A and the second column

1
1
1

of B gives
1-14+1-141-1
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which equals

1+1+1 = 3.

So the product of A and B is

01
am= (9.

End of example
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Each of (1), (2), (3) and (4) in the last
example describe additions. Each number
being added is either 0 or 1.

In such a situation we can replace ordinary
addition by Boolean addition. The mul-
tiplications which took place just prior to
the additions can be regarded as Boolean
multiplications. The resulting matrix is
the Boolean matriz product of the two
Boolean matrices.

Example:

We revisit the last example. Replacing or-
dinary addition by Boolean addition does
not change the sums in (1) and (2) above,
but it does change (3) and (4). Instead of
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(3) we now have
0+1+1 = 1 (5)
and instead of (4) we have

1+14+1 = 1. (6)

The sums in (1), (2), (5) and (6) above
give us the Boolean product of A and B:

01
am=(01).

End of example
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Formative Assessment

You should now do as many practice ex-
ercises as necessary to establish that you
can correctly determine the Boolean prod-
uct of two Boolean matrices.

End of formative assessment

The Matrix of Composition

Now we are able to state the main result of
this lecture. The proof is a little tedious,
and is omitted.
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Theorem:

Let p and o be two relations with logi-
cal matrix representations Mp and Mg
respectively. Then the logical matrix rep-
resentation of the composite relation oo p
is the Boolean matrix product of the logi-
cal matrices representing the two relations
p and o:

Mo'op — Mp . Mo’

where the product on the right is the
Boolean product of the two matrices.

End of theorem

Example:
Let X = {a,b,c,d,e}, Y = {0,1,2}
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and Z = {w,x,y,z}. Let p be the re-
lation between X and Y defined by p =
{(a,0),(c,0),(d,1),(d,2), (e,2)}. Let
o be the relation between Y and Z defined
by o = {(0,w), (0,y), (1,x),(2,z)}.
Then the composite relation o o p is the
following set of ordered pairs:

{(a’a w)a (aa y)a (Ca w)a (c, y)7
(d, ), (e, )}

The logical matrix representations of p, o
and o o p are

OO MO M
o= O OO
_=Oo o0
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=) -
== O
o O =
o o O

and

OO =OM
= =Oo oo
O = O =
©c o oo

00

respectively. It is routine to verify that
the Boolean product of the first and sec-
ond matrices is the third matrix.

End of example




Lecture 12: Screen 8 of 9

Worked Example:

Let X = {a,b,c,d}, let Y be a three-
element set and let Z = {x,y}. Let p
be the relation between X and Y having
logical matrix representation

1 01
Mp:

o O =
=
o = O

Let o be the relation between Y and Z
having logical matrix representation

10
01

Find the Boolean product of the two log-
ical matrices, and use it to find the com-
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posite relation o o p as a set of ordered
pairs.

Multiplying the two matrices (using
Boolean multiplication of the appropriate
entries and Boolean addition of the result-
ing products) gives

1

[ S —

1
0
1

This is the logical matrix for the relation
o o p between the sets X = {a, b, c,d}
and Z = {x,y}. So o o p is the set

{(a,z), (a,y), (b, x), (b,y),
(c,9), (d,x), (d,y)}.
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End of worked example

Formative Assessment

You should now do as many practice exer-
cises as necessary to establish that you can
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correctly use the Boolean product of two
logical matrices to construct a composite
relation.

End of formative assessment
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Lecture 13

This lecture provides an introduction to:

e relations on a set
e representations of relations on a set

e partitions and equivalence classes

You should master the material contained in this lecture before moving on to
the next lecture.
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Relations on a Set

We are familiar with the idea of a relation
p between two sets X and Y. But it can
happen that X and Y are one and the
same. In such cases, p is a relation between
X and X. We say that p is a relation on
the set X.

So a relation on X is a subset of the Carte-
sian product of X with itself, which is the
set X2 of all ordered pairs (x,y) where
both & and y are elements of X.

All the results about relations between
two sets apply to relations on a set. For
example, we have seen that the number of
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relations between a set X and a set Y is:

2 | XY

So, in particular, the number of relations
on a set X is:

2 | XX — o [X]?

Also, we know that a relation p between
two sets X and Y has a logical matrix rep-
resentation Mp, where the number of rows
in Mp is | X| and the number of columns
is |Y|. Soif X =Y then Mp has | X|
rows and | X| columns, which means that
Mp is a square matrix.

Example:
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Let X = {1,2,3}. Since X is a 3-
element set, the number of relations on X

1S
233 — 99 _ 512,

Here is an example of one of those rela-
tions. Let p be the set

{(2,1),(3,1),(3,2),(3,3)}
Then p is a relation on X.

Here is the logical matrix representation
Mp of p:

- -
- O O
- o O

A graphical representation of p is shown
in Figure 1.
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Notice that the points in the graphical rep-
resentation are duplicated; that is, each
point representing an element of X ap-
pears twice.

This duplication can be avoided. We can
just draw one point for each element of X,
and put an arrow from a point & of X to
another point y of X if (z,y) € p. The
directed graph that we get is shown in Fig-
ure 2.

End of example
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Figure 1: A Relation between a Set and itself.

Formative Assessment

You should now do as many practice exer-
cises as necessary to establish that you can
correctly find the relation on a set repre-
sented by a square Boolean matrix.

End of formative assessment

Some Special Relations

The identity relation tx on a set X con-
sists of all pairs of the form (x,x). If
| X| = m then the logical matrix repre-
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°—

Figure 2: A Relation on a Set.
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sentation of ¢x is the (n X mn)-identity
matrix Ip,.

The identity relation can be represented
graphically by drawing a point for each el-
ement of X and putting a looping arrow
from each point to itself.

Example:
Let X = {a, b, c}. Then tx is the set

{(a,a), (b,b),(c,c)}.

Its logical matrix representation is:

1 00
010
0 01

A graphical representation is shown in Fig-
ure 3.
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End of example

The universal relation wx on a set X con-
sists of all ordered pairs from X 2 of the
form (x,y). That is, wx = X2

In the logical matrix representation of wx,
the matrix is square (having | X | rows and
| X'| columns) and every entry is 1. In its
graphical representation, there are arrows
from every element of X to every other
element of X (and from each element of
X to itself). So the directed graph often
looks rather cluttered.

Example:
Let X be the set {a, b, c}, as in the last
example. Then wx is the set
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Figure 3: The Identity Relation on a Set.
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{(a,a), (a,b), (a,c), (b,a), (b,b),
(b,c), (c,a),(c,b),(c,c)}.

Its logical matrix representation is:

—
—
—

A graphical representation is shown in Fig-
ure 4.

End of example

Note that the empty relation & can be de-
fined on any set X, in which case it is
sometimes denoted by Ax. In the ma-
trix representation, every entry is 0. The
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graphical representation exhibits a set of
points (one for each element of X') and no
arrows at all.

Then, for any relation p on X,

Ax € p C wx.

This is a special case of a more general
statement made in Lecture 9.

So all relations on X contain Ax and are
contained in wx. As we shall see, those
relations on X which contain ¢x are also
of special interest.
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e

Figure 4: The Universal Relation on a Set.
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Properties of Relations

Certain kinds of relations on a set are of
particular importance. Relations that are
are reflerive, symmetric and transitive are
called equivalence relations, and those that
are reflexive, antisymmetric and transitive
are called partial order relations. We de-
fine these properties one by one.

A relation p on a set X is said to be
reflexive if every pair of the form (x, x)
belongs to p (where & € X). That is,

reX=>xpex.

Equivalently, p is reflexive if and only if
Lx g pP-
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A relation p on a set X is said to be
symmetric if whenever an ordered pair
(x,y) is in p then so is the reverse ordered
pair (y,x). That is,

TpYy=ypz.

Equivalently, p is symmetric if and only if
p_1 = p. (Recall that the inverse of a
relation was defined in Lecture 9.)

A relation p on a set X is said to be
transitive if whenever two ordered pairs
(z,y) and (y,z) are both in p then so
is the ordered pair (x, z). That is,

T py

ypz}:>chz.
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Equivalently, p is transitive if and only if
pop C p.

A relation p on a set X is an equivalence
(relation) if it is reflexive, symmetric and
transitive.

That is, p is an equivalence on X if it has
the following three properties:

(i) zx pxforallz € X [reflexivity]

i)xpy=ypx [symmetry]

(iii) (xpyandy pz)=>xzpz
[transitivity]

If a relation p on a set X is an equiva-
lence relation, and if (z,y) € p, then as
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well as saying that x is p-related to y we
also say that x is p-equivalent to y. Be-
cause of symmetry, we can also say that
x and y are p-equivalent to each other.
Sometimes we say more simply that « and
y are equivalent.

Worked Example:
Let X = {a,b,c,d} and let p be the

relation

{(a,a), (a,b), (b, c), (c,c), (d,d)}

on X. Which of the properties of reflexiv-
ity, symmetry and transitivity hold for this
relation? Is it an equivalence relation?

We first check for reflexivity. Since the set
X has four elements a, b, ¢ and d, a re-
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lation on this set can only be reflexive if it
includes the four pairs (a, a), (b, b), (¢, c)
and (d, d).

Looking at p we see that the pair (b, b) is
missing, so that p is not reflexive.

Now we look for symmetry. We need to
look at each ordered pair (x,vy) in p and
make sure that the reverse ordered pair
(y,x) is also in p. There’s no need to
check pairs of the form (x, ), since the
reverse pair is also (&, ). So we only need
to check ordered pairs of the form (x,y)
where © # y.

Examining p, we find the ordered pairs of
this form are (a, b) and (b, ¢). To be sym-
metric, p must therefore also have (b, a)
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and (¢, b) in it. But they are not there.
So there are two reasons for p not being
symmetric.

Finally we check for transitivity. We need
to find two ordered pairs in p having a par-
ticular connection between them, in that
the second coordinate of one of them has
to be the first coordinate of the other one.
That is, we want to find two ordered pairs
(z,y) and (y, z). For transitivity, every
time we find two such ordered pairs then
we must also be able to find the third or-
dered pair (z, z).

There is no point in looking at groups of
ordered pairs of the form (x, ) and (x, y)
or the form (x,y) and (y,y), since in
both cases the “third” pair is (x, y) which
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isin p. So for transitivity to fail it must be
possible to find in p two ordered pairs of
the form (x,y) and (y, z) where ¢ # y
and y # z and such that the ordered pair
(x, z) is not in p.

Such a situation does arise in this exam-
ple. Looking in p we find (a, b) and (b, ¢),
which means that for transitivity p must
also have (a,c) in it. But (a,c) is not
there. So p is not transitive.

Since all three properties fail, p is not an
equivalence relation. (Actually, it only re-
quires one of the properties to fail for p
to not be an equivalence relation. So after
finding that p was not reflexive we could
have said immediately that p is not an
equivalence.)
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End of worked example

Note that transitivity also fails if a rela-
tion has ordered pairs (z,y) and (y,x)
in it but doesn’t have (x, ) in it. This is
illustrated in the next example.

Example:
Let S = {1,2,3} and let o be the set

{(1,1),(1,2),(2,1)}

of ordered pairs.

Here, o is not transitive. Because (1, 2)
and (2,1) are in o, so should (1,1) be;
and it is. But also, because (2,1) and
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(1,2) are in o, (2,2) should be. And it
isn’t.

The absence of (2, 2) also makes o nonre-
flexive. However, o is symmetric.

Since o is neither reflexive nor transitive,
it is not an equivalence relation.

End of example

Worked Example:
Let X = {a, b, c,d} and let p be the set

{(a,a), (a,b), (a,c), (b,a), (b,b),

(b,¢), (c,a),(c,b),(c,c), (d,d)}

of ordered pairs. Which of the properties
of reflexivity, symmetry and transitivity

©2011 SMGS, RMIT. All rights reserved. 14

hold for this relation? Is it an equivalence
relation?

Since the set X has just four elements a, b,
c and d, and the four pairs (a, a), (b, b),
(e, c) and (d, d) all belong to p, p is re-
flexive.

Checking each ordered pair in p of the form
(z,y) where  # y, we find that its re-
verse ordered pair (y, x) is also in p. For
example, (a,b) is in p and so is (b, a).
Because all of the required reverse ordered
pairs are present, p is symmetric.

Because p is reflexive, to check for tran-
sitivity we only need to look for groups of
ordered pairs of the form (x, y) and (y, 2)
where @, y and z are all distinct. Since




Lecture 13: Screen 15 of 29

(a,b) and (b, c) are in p, transitivity re-
quires that (a,c) be also in p; and it is.
Similarly, the presence of (a, ¢) and (¢, b)
requires (a, b), which is also in p. Next,
because (b, a) and (a, ¢) are in p we need
(b, ¢) to be there too; and it is. We are
half-way through checking for transitivity.

In p are also (b, c) and (¢, a), requiring
(b,a) which is also in p. The ordered
pairs (¢, @) and (a, b) require (¢, b) to be
present; and it is. Finally, from the mem-
bership in p of (¢,b) and (b, a) we need
to have (¢, a) as an element of p; and it is
there. So p is transitive.

Since p is reflexive, symmetric and transi-
tive, it is an equivalence relation.
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End of worked example

Example:
The universal relation wx on any set X is
an equivalence relation.

This is because the three criteria for a re-
lation p to be an equivalence all require
that certain ordered pairs from X 2 bein
p. But since every ordered pair from X 2
is in wx, all three properties are satisfied.
Hence wx is an equivalence relation.

End of example

Example:
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The identity relation ¢x on a set X is an
equivalence relation.

By definition, ¢tx consists of all pairs of
the form (x,x) where x € X. But any
relation having all of those pairs in it is
reflexive. Therefore ¢x is reflexive.

Since tx includes no pairs of the form
(x,y) where & # y, we are never in the
situation of having to look for the reverse
ordered pair (y,x). So tx is symmetric.

Similarly, since ¢x includes no pairs of the
form (x,y) where  # y, we are never in
the situation of having (x,vy) and (y, 2)
both belonging to the relation where x #
y and y # z. So there is never a third
ordered pair (x, z) being sought. Hence
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Lx 1S transitive.

End of example

Example:

The empty relation Ax on any nonempty
set X is symmetric and transitive, but not
reflexive.

Since X is nonempty, there is at least one
element @ in X. The pair (x, ) is in any
reflexive relation, but it is not in Ax (be-
cause there are no ordered pairs in Ax).
So Ax is not reflexive.

But Ax is symmetric and transitive, for
the same reasons that ¢x is reflexive and
transitive (as shown in the last example).
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End of example

Note that the empty relation on the empty
set & is technically an equivalence relation,
though in a completely vacuous way.

Exercise:

Let X = {a,b,c}. Construct relations
on X that are: reflexive and symmetric
but not transitive; reflexive and transitive
but not symmetric; and symmetric and
transitive but not reflexive.

End of exercise
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Exercise:

Let X = {a,b,c}. Construct relations
on X that are: reflexive but neither sym-
metric nor transitive; symmetric but nei-
ther reflexive nor transitive; and transitive
but neither reflexive nor symmetric.

End of exercise

Notice that often a relation fails to sat-
isfy one of the three properties because cer-
tain ordered pairs are missing. This sug-
gests that if we add those missing ordered
pairs we can “fix up” the problem, so that
the relation will then be reflexive, symmet-
ric or transitive. But in fact we will no
longer have the same relation. What we
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will have is a relation which is closely as-
sociated with the original relation.

The reflexive closure p* of a relation p is
the smallest reflexive relation containing p.
It is created in the following way. If there
are any pairs of the form (zx,2) missing
from p, we simply enlarge p by adding
those pairs. If p already has all such pairs,
then p is reflexive and we leave it as it is.

This means that

p" =pUix.

The symmetric closure pS of a relation p
is the smallest symmetric relation contain-
ing p. It is created in the following way. If
p has any ordered pairs of the form (x,y)
for which the reverse ordered pair (y, ) is
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missing, we enlarge p by adding those re-
verse ordered pairs. Otherwise, p is sym-
metric and we leave it unchanged.

This means that

pS=pup L
The transitive closure pt of a relation p is
the smallest transitive relation containing
p. We construct it as follows. We look
for any group of ordered pairs (x,y) and
(y, 2) in p for which (x, z) is not in p,
and in every such case we add (x, z) to
p. If the enlarged relation is transitive, we
stop. Otherwise, we repeat the process un-
til eventually we get a transitive relation.

Technically, this means that

pt =pU(pop)U(popop)U...
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which is just a more compact way of de-
scribing the procedure outlined above.

Example:
Let X = {a,b,c,d} and let p be the

relation

{(a,b), (b,¢), (c,d)}.

We construct the transitive closure pt of
p.

A transitive relation that included (a, b)
and (b, ¢) would also include (a,c). So
we have to adjoin (a,c) to p. Also, be-
cause of the presence of (b, c) and (¢, d)
we need to include (b, d). This give us the
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relation:

{(a,b), (a,c), (b, c), (b,d), (c,d)}

This is the union of p and p o p.

But this is still not transitive, because ad-
joining (a,c) and (b,d) has created the
need for at least one new ordered pair.
Specifically, we now need (a,d) (because
the relation has (a, b) and (b, d) in it, and
also because the relation has (a,c) and
(e, d) in it). Adjoining (a, d) gives us this
relation:

{(a,b), (a,c), (a,d), (b, c),
(b,d), (c,d)}
This is the union of p, po p and po pop.

A careful check confirms that we now have
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a transitive relation. So this must be the
transitive closure of p. That is, pt is the
set

{(a,b), (a,c), (a,d), (b, c),

(b,d), (c,d)}
of ordered pairs.

End of example

Now let p be any relation on a set X.
Then we use the notation p™ to repre-
sent the smallest equivalence relation on
X containing p. This is called the equiv-
alence relation generated by p. It can be
shown that

p* = ((p")")".
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Example:
Let X = {a, b, c,d} and let p be the set

{(a,a), (a,b), (b, c), (c,c), (d,d)}
of ordered pairs. Find p7, pS, pt and p*.

We have previous seen (in the first worked
example) that p does not have any of the
three properties of reflexivity, symmetry
and transitivity.

Since (b, b) is missing, and it is the only
pair of the form (x,«) which is missing,
we create p” by adjoining (b, b) to p. So
p" is the set

{(a,a), (a,b), (b,b), (b, c),
(c,0),(d,d)}
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of ordered pairs.

To get a symmetric relation from p, we
note firstly that it is the absence of (b, a)
and (¢, b) which prevents p from being
symmetric. So we adjoin these to p. Then
pS is the set

{(a,a), (a,b), (b,a), (b, c),
(¢, b), (e, ), (d,d)}
of ordered pairs.

To create the smallest transitive relation
containing p, we observe that a transitive
relation having (a, b) and (b, ¢) in it (as p
does) would also have (a, ¢) in it (which p
doesn’t). So we adjoin (a, ¢) to p, thereby
creating a transitive relation which must
be pt. It is the set
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{(a,a), (a,b), (a, ), (b, c),
(c,0),(d,d)}

of ordered pairs.

Now none of the three relations just con-
structed is an equivalence relation. But
we can begin from p” and proceed to con-
struct p*. The lack of symmetry in p7 is
due to the absence of (b, a) and (e, b), so
we adjoin them to p” to create (p")5:

{(a,a), (a,b), (b, a), (b,b),

(b, ¢), (¢, b), (c,¢), (d,d)}
Now this relation is reflexive and symmet-
ric, but fails to be transitive because of the
absence of (a,c) and (e¢,a). Adjoining
them gives us the following relation, which
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is the composition of (p")% with itself:
{(a,a), (a,b), (a, ), (b, a), (b,b),
(b, ), (c,a), (¢, ), (c,¢), (d,d)}

Carefully examining this relation, we find
it to be transitive. (This means that it
must be the transitive closure ((p”)%)%
of (p")%.) So finally we have a relation
which contains p and which is reflexive,
symmetric and transitive. Furthermore,
it is the smallest such relation. So it is
the equivalence relation p* generated by
p. That is, p* is the set

{(a,a), (a,b), (a, ), (b,a), (b,b),
(b,c), (c,a),(c,b),(c,c), (d,d)}.
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End of example

Matrixz Representations

The properties of reflexivity, symmetry
and transitivity can be observed by exam-
ining the logical matrix representations of
relations having these properties. We have
the following results, which we state with-
out proof.

Firstly, if M and IN are two matrices of
the same order then we say that M < N
if every entry of M is less than or equal
to the corresponding entry of IN. We also
say that M < N if M < N and M is
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not equal to IN.

A relation p on a set X of cardinality n
is reflexive if and only if every entry in the
leading diagonal of Mp is 1; equivalently,

In < Mp.

A relation p is symmetric if and only if its
logical matrix representation is a symmet-
ric matrix; equivalently,

T
A relation p is transitive if and only if
Myp - Mp < Mp

where the product on the left-hand side is
the Boolean product of the two matrices.
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Example:
Suppose that the matrix

M =

o o O
— = =
S O -

represents a relation p on a set X. We
want to know if p is reflexive, if it is sym-
metric, and if it is transitive.

The leading-diagonal entries are 0, 1 and
0 respectively. Since not all of them are
equal to 1, the matrix represents a relation
which is not reflexive.

The 1 in the (1,2)-position (where the
first row meets the second column) is not
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matched by a 1 in the (2,1)-position. This
is enough to show that the matrix is not
symmetric. Therefore the relation repre-
sented by the matrix also fails to be sym-
metric.

To check for transitivity we need to mul-
tiply the matrix by itself (using Boolean
multiplication) and compare the result
with the original matrix. The Boolean ma-
trix product M - M is

o o O
—
o O O

which is the same as M except in the (1,3)-
position. In M - M there is a 0 in this
position, whereas M has a 1 there. So
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M - M < M, which satisfies the criterion
for transitivity (that M- M < M). So
the relation p is transitive.

End of example

Worked Example:
Suppose that the matrix

M =

—_ O
o~ o
—_ O

represents a relation p on a set X. Show
that p is reflexive, symmetric and transi-
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tive. Hence deduce that p is an equiva-
lence relation.

We firstly observe that the leading diago-
nal (from top left down to bottom right)
consists entirely of ones. So p is reflexive.

Next, it is easy to see that the matrix is
symmetric (as the matrix and its trans-
pose are identical). So p is a symmetric
relation.

Finally, the Boolean product of M with it-
self gives a matrix which is identical to M.

That is, M -M = M. This satisfies the
requirement that M - M < M, whence p
is transitive.

Since p is reflexive, symmetric and transi-
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tive, it is an equivalence relation.

End of worked example

Formative Assessment

You should now do as many practice ex-
ercises as necessary to establish that you
can correctly decide if a relation is reflex-
ive, symmetric and transitive and hence if
it is an equivalence relation.

End of formative assessment
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Partitions

Let X be a nonempty set. To partition X
is to split it up into subsets. But we want
the subsets to be disjoint, and we don’t
want any of them to be the empty set.

Formally, we define a partition 7 of X to
be a set of disjoint nonempty subsets of X.

Example:
Let X = {1,2,3,4,5}. One partition of
X is

m = {{1},{2,3},{4,5}}.

Another is

T = {{17 3, 5}3 {2? 4}}
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which gathers together the odd numbers of
X in one subset and the even numbers of
X in another subset.

These are only two examples of the numer-
ous ways that X can be partitioned.

End of example

Lemma:
Every partition 7 of a set X determines
an equivalence relation ps on X.

End of lemma

What the lemma means is this. We de-
fine an equivalence relation pg on X by
saying that two elements of X are equiv-
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alent if they lie in the same subset of X
determined by the partition.

Example:

In the equivalence relation pz; deter-
mined by the partition 7r; of the last exam-
ple, 1 is only equivalent to itself whereas 2
and 3 are equivalent to each other and 4
and 5 are equivalent to each other.

S0 prry is the set:
{(1,1),(2,2),(2,3),(3,2),(3,3),
(4,4),(4,5),(5,4),(5,5)}
The partition 7y of the last example deter-
mines an equivalence relation psr, in which

1, 3 and 5 are all equivalent to each other
and in which 2 and 4 are equivalent to each
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other.
S0 prr, is the set
{(1,1),(1,3),(1,5),(2,2), (2,4),
(3,1),(3,3),(3,5), (4,2),
(4,4),(5,1),(5,3),(5,5)}
of ordered pairs.

End of example

The next lemma is the converse of the pre-
vious one.

Lemma:
If p is an equivalence relation on a
nonempty set X then p determines a par-
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tition Tp of X.

End of lemma

The lemma can be applied in this way. We
look at any one element of X, and then
gather together with it all those elements
that are p-equivalent to it. That creates
one of the subsets in the partition. Next
we look at another element of X, but one
which isn’t p-equivalent to the first one,
and locate all the elements that are p-
equivalent to it; and so on.

If p is an equivalence on X and x is an
element of X, then the set of all elements
in X which are p-equivalent to x is called
the equivalence class of x. The set of dis-
tinct equivalence classes is the partition of
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X induced by p.

Where there is no ambiguity (in an exam-
ple where we are discussing only one equiv-
alence relation) we denote the equivalence
class of @ by [x]. But where there may be
ambiguity we denote it by xp.

Worked Example:
Let X = {a,b,c}. Let p be the equiva-
lence relation

{(a,a), (a,d), (b,b), (c, c),
(dya),(d,d)}.

Find all the distinct equivalence classes of
p, and hence write down the partition 7 p
of X induced by p.
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Since a is in an ordered pair with d, a and
d are equivalent. Since a is in no ordered
pairs with anything except itself and d, the
equivalence class of a just has a and d in
it. That is,

a] = {a,d}.

Now since d is in this class, the class is also
the equivalence class of d. That is,

[d] = {a,d} = [a].

Next, since b is equivalent only to itself,

we have
[b] = {b}

and similarly

] = {c}

Thus the distinct equivalence classes of p
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are {a,d}, {b} and {c}. The set of dis-
tinct equivalence classes is therefore

{{a,d}, {b},{c}}

which is the partition mp of X induced by
the equivalence relation p.

End of worked example

Formative Assessment

You should now do as many practice ex-
ercises as necessary to establish that you
can correctly find the equivalence relation
determined by a partition of a set, and the
partition induced by an equivalence rela-
tion on a set.

End of formative assessment
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